The nature of 0 + excitations, especially in transitional and deformed nuclei, has attracted new attention. Following a recent experiment studying 158 Gd, we investigated a large group of nuclei in the rare-earth region with the (p, t) pickup reaction using the Q3D magnetic spectrograph at the University of Munich MP tandem accelerator laboratory. Outgoing tritons were recorded at various lab angles, and their angular distributions are compared to those calculated using the distorted-wave Born approximation. Using the unique shape of the L = 0 angular distribution, more than double the number of 0 + states than were previously known are identified. The distribution of 0 + energies and cross sections is discussed in terms of collective and noncollective degrees of freedom, and the density of low-lying 0 + states is discussed as a corroboration of a characteristic feature of phase transition regions. The degree of level mixing, as extracted from Brody distribution fits to the energy spacings of adjacent 0 + levels, is also explored.
I. INTRODUCTION
The rare-earth region, with many well-deformed and transitional nuclei, is an ideal venue for the study of the origins of deformation and collective motion. A number of collective modes and quadrupole excitations can form 0 + states. Probably because of this, such states are often complex and remain poorly understood. Recently, 0 + excitations have attracted new attention. An experiment [1] measuring 0 + states in 158 Gd by way of the (p, t) transfer reaction discovered seven new 0 + states and confirmed six previously known below an excitation energy of 3.1 MeV. This was the first observation of such a large number of excited 0 + states in a deformed nucleus. Experiments involving other nuclei, such as those in the actinide [2] and rare-earth regions, can show whether such a large number of 0 + excitations in this energy range is widespread or anomalous and can ascertain the energy distribution of 0 + states along with trends in those distributions with N and Z. In 232 U, 230 Th, and 228 Th [2] , several 0 + states were observed that had not been identified in previous experiments. Unexpectedly large accumulated transfer strengths, more than 60% of the strength of the ground state, were observed, emphasizing the need for microscopic calculations. With an empirical mapping of 0 + states in nuclei, the regional evolution with N and Z may become apparent, initial structural interpretation can begin, and theory will be challenged to account for these states. For example, following the experimental observations in 158 Gd, calculations [3] reproduced the number of 0 + states. These calculations and calculations like these have become a topic of much discussion [4, 5] .
Similar data for a large number of nuclei, spanning this mass region and exhibiting a variety of structures, will offer a more thorough test of theory than a single nucleus. Therefore, we examined 16 nuclei spanning the rare-earth region: 152 Gd, 154 Gd, 158 Gd (revisited), 162 Dy, 168 Er, 170 Yb, 176 Hf, 180 W, 184 W, 190 Os, 192 Pt, 194 Pt, 196 Hg, 198 Hg, 200 Hg, and 202 Hg. These nuclei have very different classifications (i.e., transitional, deformed, γ -soft, and spherical) as indicated in Fig. 1 . In choosing structurally different nuclei, information about trends and types of possible 0 + excitations can be gained. This article discusses results for 152 Gd, 154 Gd, 162 Dy, 168 Er, 176 Hf, 180 W, 184 W, and 190 Os and includes those of Ref. [1] for 158 Gd.
II. EXPERIMENT AND RESULTS
This series of (p, t) experiments was performed at the University of Munich MP tandem accelerator laboratory using the Q3D [6] magnetic spectrograph. A beam of 25 MeV unpolarized protons was incident on 16 different isotopically enriched targets, and outgoing tritons were measured at laboratory angles of 5
• , 17.5
• , and 30
• with respect to the beam axis. The spectrograph is an ideal instrument for the measurement of transfer reaction products. The 1-m-long focal plane detector [7] has 4-6 keV resolution for 15-to 20-MeV tritons. With such fine resolution and little or no background, very clean cross section measurements down to a few µb/sr were possible. Typical spectra obtained at 5
• from 192 Os (p, t) 190 Os, 178 Hf (p, t) 176 Hf, and 154 Gd (p, t) 152 Gd are shown in Fig. 2 . We collected data for each target up to ∼ 3 MeV in excitation energy by taking two consecutive s p h e r ic a l t r a n s it io n a l spectra, each with an energy bin of ∼ 1.7 MeV, at each angle. (A small overlapping portion of the energy range was measured in both spectra.) After normalization to beam current on target, we can effectively combine the two spectra to give one continuous spectrum up to ∼ 3 MeV. Spectra were analyzed using RADWARE [8] , and energy calibrations were constructed using known levels in each nucleus. Peaks arising from target impurities were identified using the Q values of possible reactions and information about the targets' isotopic composition.
Spin-parity values of 0 + states were assigned using the triton angular distributions. 0 + states can be easily selected from other states because the L = 0 transfer angular distribution peaks strongly at forward angles. We compared relative cross sections to those predicted by the distorted-wave Born approximation (DWBA) using the CHUCK3 code [9] . The values for the real and imaginary potentials used in the DWBA calculations were obtained according to Ref. [10] . 0 + states were identified based primarily on the drop in relative cross section between 5
• and 17.5
• . This drop can be dramatic-more than an order of magnitude-and is unique to L = 0 transfers. In contrast, as seen in Fig. 3 , angular distributions for higher spins peak at more backward angles. Coupled-channel effects impact cross sections primarily at large angles and can alter L = 0 angular distributions. However, for L = 0 cases, the main effect is only to moderately modify the cross sections at 17.5
• and 30
• . This has little effect on the forward peak for L = 0 transfer, which is therefore a robust empirical signature. Note that although the magnitudes of the predicted DWBA cross sections as well as the location of the minima can vary with the neutron orbital chosen for the calculations, given the N and Z of the target and the Q value, it is a minor effect for L = 0 transfer. To elaborate on the angular distributions, 0 + states assigned in this work for 154 Gd, 176 Hf, and 190 Os are shown in Figs. 4, 5, and 6 with their corresponding DWBA predictions. Figure 7 shows the initial drop in cross section for 0 + states and the different behavior of the first 2 + and 4 + states of the ground and γ bands by plotting the ratio of the cross sections at 5
• versus the ratio of the cross sections at 17.5
• . The ratio of the cross sections between 5 • and 17.5
• is large (as high as ∼ 60) for L = 0 transfer, whereas it is generally less than 3 for known 2 + and 4 + states of the ground and γ bands. In most cases, the cross-section ratio between 17.5
• is greater than ∼ 1 for known L = 2 transfers, greater than 0.5 for known L = 4 transfers, and less than 0.5 for known L = 0 cases (known 0 + states). This does not provide a clean separation of the 0 + states from 2 + and 4 + states and, therefore, emphasis was placed on the drop in cross section between 5
• when making 0 + assignments. Coupled-channel effects can affect L = 0 transfer only if the 5
• cross sections are very small. Then, at 17.5
• , where the direct cross section is even smaller for 0 + states, the contribution from coupled-channel effects will nearly always raise the measured cross section, reducing the ratio
. We see this effect in Fig. 8 , which shows the ratio of the cross sections at 5
• against the cross section at 5
• . Low ratios are clearly associated with small absolute cross sections, as seen in the magnified view on the right. Not surprisingly, therefore, the majority of the tentatively assigned 0 + states-tentative because of a smaller drop in cross section between 5
• and 17. In the nuclei discussed here, a total of ninety-nine 0 + states were assigned: 70 of these are new, and 22 of these are tentative. (These data are slightly updated from those in Ref. [11] due to further investigation of 168 Er [12] .) A number of other states with rather small ratios of cross sections between 5
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• for this state. Table II gives the number of assignments by nucleus and comparison with previously known 0 + states. The number of 0 + states in these nuclei is at least double that previously reported: typically from 2-4 previously known states to 7-16 observed in this work.
III. DISCUSSION
Although complete structural understanding of the nature of these states requires additional experiments, knowledge of the number and excitation energies of the 0 + states and their relative strengths is already an important first step both to 044309-5 identify trends in these nuclei and to present a testing ground for theories. The data are collected in Fig. 9 . It is interesting to look for possible trends across such a broad range of nuclei. Aside from the large number of 0 + states discovered, their distribution as a function of excitation energy and their strengths relative to the ground state vary considerably from nucleus to nucleus as shown in the figure. For Some of the 0 + states occur at energies as low as ∼ 1200 keV, well below the pairing gaps in these nuclei. The number and variations in the number of 0 + states below the pairing gap is especially interesting: as high as 10 excited 0 + states in 154 Gd (see discussion below) but relatively constant at ∼ 5 among the other nuclei.
To further pursue the possible collective nature of some of these states, we note that collective 0 + states can be formed by the antialigned superposition of two-phonon excitations, such as the γ vibration or octupole modes or by combining two K = 0 + excitations [14] . The locations of two-phonon excitations, estimated by doubling the energy of the one-phonon states without regard for anharmonicity, and of known single-phonon modes with J = 0 + , are compared to the excitation energies of the observed 0 + states in Fig. 9 . Notice that there are many 0 + states below any harmonic double-phonon excitations. there are five to seven such states. In 168 Er, there are seven 0 + states below all but one double-phonon energy. The nature of these states is intriguing because they are unlikely to be • )/σ (30 • ) = 1 divides the plot into angular distributions that rise (<1) and fall (>1) between 17.5 and 30
• .
two-quasiparticle states, yet it is not obvious what collective modes could account for them. When octupole degrees of freedom were incorporated into realistic calculations using the spdf-IBA [15] , the number of 0 + states predicted below 3 MeV in 158 Gd is nearly the number observed. If these states can indeed be explained in terms of double octupole phonons, then only a few of the 0 + states in this energy region are largely two quasiparticle in nature. Another way of looking at this is to note that, frequently, there are a number of 0 + states below the pairing gap (dashed vertical lines in Fig. 9 ). We return to this point later.
The possible double-phonon nature can be explored by looking at known γ decay from 0 + states. However, very little data of this type are available [16] . Experiments to study the γ -ray decay from 0 + states, particularly branching ratios and E1 decays to low-lying negative parity states, are needed to further explore this hypothesis. In one case, the strong decay of the band built on the 0 + state at 1400 keV in 162 Dy [17] to the γ band suggests this state has a significant amplitude for a double γ vibration. The 2 + state in this band lies at 1453.5 keV, decaying to the 4 + states of the ground and γ bands with transitions of 1187.8 and 392.5 keV, respectively. The relative intensities of these two transitions are 12.7 and 0.18. The value for the square of the reduced matrix element for decay to the γ band is 10 times larger than that for decay to the ground band. In this case, the actual double phonon lies 500 keV below the harmonic estimate, showing that comparison to these double-phonon estimates should be taken only as a starting point for further investigation and that anharmonicities are important.
In all cases except 152 Gd, the cross section is dominated by the ground state. Any cross section greater than 10% of the ground state is rare and points to some particular 044309-7 Gd is similar to that of the ground state for neighboring nuclei (e.g., 2.37 mb/sr for the ground state of 154 Gd). Detailed microscopic calculations could provide insight into observed cross sections as shape coexistence in certain nuclei cannot account for all of the large cross sections. As seen in Fig. 10 , many nuclei have states around 1500 keV with large cross sections. These large cross sections occur below the pairing gap in these nuclei, suggesting some degree of collectivity for these states. In 168 Er, unique among the nuclei studied, there are no large cross sections near 1.5 MeV but rather there are significant cross sections near 3 MeV. There is no current explanation for the strength of these cross sections.
Following the publication of the data obtained for 158 Gd [1] , calculations [3] reproduced the number and energies of the observed 0 + states fairly well. Similar calculations for 168 Er [5] also give a reasonable account of the number and energies of the 0 + states in that nucleus. The present data for these additional nuclei, with variations in number, excitation energy, and cross sections for the 0 + states, provide a much more stringent test of potential theories. A particular challenge lies in understanding the significant variations with few obvious trends exhibited by the experimental results for nuclei across this region.
We return to the number of 0 + states and discuss further the role of phase transitional behavior in the number of 0 + states observed. Figure 11 shows a histogram of the number of definite 0 + assignments versus excitation energy for these nuclei. We can easily distinguish 154 Gd from the other nuclei by the steeper increase in the number of 0 • (normalized to 100 for the ground-state cross section) greater than 5% of the ground-state cross section are shown for each nucleus as a function of excitation energy.
of this behavior has been discussed [11] . It is possible that independent sets of states could be built on both the deformed and spherical configurations in a transitional nucleus such as 154 Gd, giving rise to a larger number of 0 + states at low energies in critical point phase-transitional regions. Moreover, 154 Gd, distinguishing it from the others. (This figure is similar to Fig. 4 in Ref. [11] but reflects updated data available for 168 Er according to Ref. [12] .) collective model calculations [21] [22] [23] predict a minimum in the energy of the lowest excited 0 + state in the transition region that is also observed here (see 152, 154 Gd in Fig. 9 ). The behavior of collective 0 + states near first-order phase transitions has been examined in a series of calculations [24] using the Ising-type IBA Hamiltonian [25] of the consistent Q formalism (CQF) [26] :
where
where χ ranges from zero for γ -soft nuclei to − √ 7/2 for SU(3). In these calculations, the regime from spherical to deformed is expressed primarily by the parameter η, where η = 0 indicates a rotor, η = 1 indicates a vibrator, and η ∼ 0. Fig. 1 in Ref. [11] but reflects updated data available for 168 Er according to Ref. [12] .)
However, the increased level density in the phase-transitional region persists for lower boson numbers. As pointed out in Fig. 11 , 154 Gd is easily distinguished from the other nuclei by its excess of 0 + states, particularly in the energy range from 1.5 to 2.5 MeV. 154 Gd has an R 4/2 value of 3.02, at the critical point of the first-order spherical-deformed phase transition near A = 150 [27] . This enhanced density of observed lowlying 0 + states near the phase-transitional point is the first corroboration of this basic characteristic of a first-order phase transition [11] .
Because the calculations shown in the top part of Fig. 12 are schematic, we turn to more realistic calculations presented in two ways. First, many of the nuclei in this study have previously been fit [21] with the IBA using the same Hamiltonian discussed above. The number of observed 0 + states for each nucleus at the fitted η value is shown in the bottom part of Fig. 12 . The nuclei 180,184 W were not included in Ref. [21] but have been separately fit [28] : the parameters for 180,184 W are η = 0.56 and 0.52, respectively, and χ = −0.58 and −0.55, respectively. The predicted increase in the number of 0 + states at low energies at the phase-transitional point is apparent.
In a second approach, also using Eq. (1), calculations have been carried out for a range of parameter values ε/κ and χ for realistic boson numbers N B = 6 − 16. Each calculation reproduces typical values of E(2 + ) and the general behavior of intrinsic excitations (e.g., the γ band) in the rare-earth region. The numbers of low-lying 0 + states from these calculations for selected R 4/2 values between vibrator and rotor are shown in Fig. 13(a) , and we again see the increase at the phase-transition point. However, the sd-IBA predicts far fewer states than are observed experimentally. Calculations [11] but reflects updated data available for 168 Er according to Ref. [12] .) incorporating negative parity p and f bosons yield a more realistic number of states in this energy region in the case of 158 Gd [15] . Although the experimentally observed states are likely to include quasiparticle excitations that mix with collective excitations, it is interesting to carry out simple spdf-IBA calculations [29] across the range of nuclei from spherical to deformed. To keep the number of additional parameters to a minimum, the p and f boson energies were kept constant at values that reproduce typical negative parity excitations, and calculations were restricted to the U(5) to SU(3) leg of the symmetry triangle. The number of predicted 0 + states are also included in Fig. 13(a) . Naturally, these calculations exhibit many more 0 + states, closer in number to the experimental observations, and preserve a clear peaking near the phase transition.
The data reflect the increased energy density of 0 + states near the phase-transitional region. To focus on states more likely to be collective, Fig. 13(b) shows the number of excited 0 + states below the pairing gap in each nucleus, plotted against R 4/2 . The increase in the number of 0 + states in the transitional region is again observed.
Observation of the large number of 0 + states found in this study offers another perspective on structure as well, namely the possibility of an analysis in terms of the ordered or chaotic (mixed) nature of the energy spectra in these nuclei. Information about the degree of mixing of nuclear levels can be deduced by evaluating the nearest neighbor spacings, the energy difference between levels of the same spin and parity [30] . In the case of strong mixing, we can describe the distribution of nearest neighbor spacings using the Wigner distribution. In the case of small configuration mixing, the Poisson distribution more aptly describes the distribution of nearest neighbor spacings. The Brody distributions describe systems with intermediate degrees of mixing in terms of a parameter ω that ranges from 0 for a Poisson distribution to unity for a Wigner distribution. Because the statistics for one nucleus are very limited, we have fit the Brody distributions to the entire set of nearest neighbor spacings from the nuclei in this work using a standard unfolding method [31, 32] . First, a quadratic function was fit to the histogram plot for each nucleus individually in Fig. 11 . Then, for each observed level, the value of the fit function was used to generate a spacing distribution, N eff , as illustrated in Fig. 14 . Notice that small energy spacings correspond to small spacings in N eff . The N eff distribution was then binned and the resulting distribution of spacings was fit by the Brody distribution for different values of ω. The distribution of this new "averaged" set of energy levels is compared with Brody distributions for ω = 0.3, 0.6, and 0.9 in Fig. 15 . Although the statistics are limited so that one cannot determine a precise value of ω, values near 0.6 seem to provide a reasonable fit. This suggests that the 0 + level spectrum is intermediate between ordered and chaotic in structure, providing another means of assessing future microscopic calculations.
IV. CONCLUSION
The present data more than double the number of 0 + states previously known, and the variations in these data give rise to many questions. The number and excitation energy of 0 + states varies considerably between nuclei. Even neighboring nuclei are quite different from each other, possibly indicating variations in the energies of noncollective states. However, often a large number of 0 + states lie below the pairing gap and several occur as low in energy as ∼ 1200 keV. Many more 0 + states exist than can be accounted with a simple estimation of the number and energies of double phonon excitations, but a more realistic estimate of the number of states can be made using the spdf-IBA. We also observe differences in the relative cross sections of the states. Some, such as those in the Gd isotopes, can be explained by phase-transitional behavior, but the trend of large cross sections around 1.5 MeV in most nuclei and around 3 MeV in 168 Er is intriguing. The number of low-lying 0 + states peaks in the transition region where spherical and deformed states coexist in agreement with robust predictions of collective models. A statistical analysis of the distribution of 0 + energies using the Brody distribution function suggests that the spectrum of these excitations is intermediate between ordered and chaotic in character. The variations in these data on 0 + states provide a challenge to existing theories.
